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Abstract
We give a complete classication of symplectic liform complex Lie algebras and a description
of all their symplectic structures in dimension 10. c© 2001 Elsevier Science B.V. All rights
reserved.
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1. Introduction
A skew-symmetric bilinear form  on the 2m-dimensional Lie algebra g is called
symplectic if it is closed (d = 0) and its rank is maximal (that is  m 6= 0). A Lie
algebra g with a given symplectic form  is called symplectic and denoted (g; ).
Existence of a symplectic form on the Lie algebra g give a left-invariant symplectic
structure on the corresponding Lie group G. The rst profound study of the symplectic
Lie groups (Lie groups with a left-invariant symplectic structures) and corresponding
Lie algebras has been proposed by Lichnerowicz and Medina [14,16]. For the related
topics see also [2{9,11,15]. Importance of the class of symplectic Lie algebras reside
in fact that such a Lie algebra is provided by a left-symmetric product (the so-called
product of Koszul and Vinberg [14,17]) dened by the formula
(xy; z) =−(y; [x; z]):
Geometrically, this is equivalent to existence in a symplectic Lie group a left-invariant
ane structure. We remark in the paper [1] construct an 11-dimensional liform Lie
algebra no provided with a ane structure (that is no provided with a left-symmetric
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product). It is very interesting to determine all low-dimensional liform Lie algebras
(for example of dimension < 12) no provided with such a product. Naturally, it is
interesting to have a description of some large classes of symplectic Lie algebras and
their all symplectic structures. Recently, some important denitions and properties per-
mitting to distinguish the Lie algebras with dierent symplectic structures has been
clearly specied [12]. Using these results and the classication of complex liform Lie
algebras in dimension  11 obtained by the authors [6], we give a complete classica-
tion of symplectic liform complex Lie algebras up to isomorphism and a description
of all their symplectic structures in dimension  10.
In this paper we use the notations of the paper [6]. We suppose that all Lie algebras
are given over the eld F, where F= R or F= C.
2. Symplectic and contact structures
In this section we summarize some denitions and results about the symplectic and
contact Lie algebras given in [12]. We also give an adaptation of these results to the
complex case.
Denition 1. An alternate bilinear form  on the 2m-dimensional Lie algebra g is
called symplectic if it satises
(1) d= 0,
(2)  m 6= 0.
A Lie algebra g with a given symplectic form  is called symplectic and denoted
by (g; ).
The dierential d in this denition is given by
d(X; Y; Z) = ([X; Y ]; Z) + ([Y; Z]; X ) + ([Z; X ]; Y ):
We remark that the operator d is in fact the coboundary operator for the Chevalley
cohomology with values in the eld F . We also remark that it is important not to
blend a symplectic Lie algebra dened here and the symplectic Lie algebra sp(n).
Denition 2. Two symplectic Lie algebras (g1; 1) and (g2; 2) are called symplecto-
isomorphic if there exists an isomorphism of Lie algebras ’ : g1 ! g2 such that
’(2) = 1. That is 1(X; Y ) = 2(’(X ); ’(Y )) for all X; Y 2 g.
Example. Every even-dimensional abelian Lie algebra g is symplectic. Indeed, if
(X1; X2; : : : ; X2p) is a basis of g and if (1; 2; : : : ; 2p) is a dual basis of g, then
the skew-symmetric bilinear form =1 ^2 +3 ^4 +   +2p−1 ^2p is obviously
symplectic.
Denition 3. A (2p+ 1)-dimensional Lie algebra g is called contact Lie algebra if it
is given a contact form  on g, that is a form  2 g such that
 ^ (d)p 6= 0:
J.R. Gomez et al. / Journal of Pure and Applied Algebra 156 (2001) 15{31 17
Example. Let Hp be (2p + 1)-dimensional Heisenberg Lie algebra. Then, there is a
basis (X1; X2; : : : ; X2p; X2p+1) such that Hp is the Lie algebra dened by the brackets
[Xi; X2p+1−i] = X2p+1; i = 1; : : : ; p:
There exists a contact form 2p+1, where (1; 2; : : : ; 2p; 2p+1) is the dual basis in g.
Indeed,
d2p+1 = 1 ^ 2p + 2 ^ 2p−1 +   + p ^ 2p+1
and
2p+1 ^ (2p+1)p 6= 0:
If g is a nilpotent contact Lie algebra, then the dimension of the centre Z(g) is
always equal to 1. In general case dimZ(g) 1.
Denition 4 (Goze [7]). Two contact Lie algebras (g1; 1) and (g2; 2) are called
contacto-isomorphic if there exists an isomorphism of Lie algebras ’ : g1 ! g2 such
that 1(X ) = 2(’(X )) for all X 2 g (that is ’2 = 1).
Let (g; ) be a nilpotent contact Lie algebra and let (X1; X2; : : : ; X2p; X2p+1) be a basis
of g such that Z(g) = fX2p+1:  2 Cg. Then the canonical projection
 : g ! ~g= g=Z(g);
denes a symplectic Lie algebra ( ~g; ), where skew-symmetric bilinear form  is de-
termined by the relation = d. In fact,
d((X ); (Y ); (Z)) = d([X; Y ]; Z) + d([Y; Z]; X ) + d([Z; X ]; Y )
= d(d)(X; Y; Z) = 0:
In this way, we can construct all 2p-dimensional nilpotent symplectic Lie algebras up
to symplecto-isomorphism, if we have the set of all pairwise noncontacto-isomorphic
nilpotent contact Lie algebras of dimension 2p+ 1. That is the map  : (g; )! ( ~g; )
dene a one-to-one correspondence between the set of pairwise noncontacto-isomorphic
nilpotent contact Lie algebras of dimension 2p+1 and the set o pairwise nonsymplecto-
isomorphic nilpotent Lie algebras of dimension 2p.
Now, we consider the liform Lie algebras.
Let g be an m-dimensional nilpotent Lie algebra and let
C0gC1g   Cp−1gCpg= 0
be the descending central sequence of g, where C0g= g; Cig= [g;Ci−1g]; 1 ip.
The integer p is called nilindex of g if Cpg= 0 but Cp−1g 6= 0.
Denition 5. The Lie algebra g is called liform if dimCkg=m−k−1 for 1 k m−1.
We remark that in liform Lie algebras m−1 is an upperbound to the nilindex. And
only liform Lie algebras have the maximum nilindex, therefore liform Lie algebras
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are considered to be the \less" nilpotent Lie algebras. The set of m-dimensional liform
Lie algebras laws Fm is a Zariski open set in the variety Nm of m-dimensional
nilpotent Lie algebras laws. This fact made the study of the liform Lie algebras very
important.
Examples.
1. Let Ln be the (n+ 1)-dimensional Lie algebra dened by
[X0; Xi] = Xi+1; i = 1; : : : ; n− 1;
where (X0; X1; : : : ; Xn) is a basis of Ln (the undened brackets being zero). This is,
in a certain manner, the simplest liform Lie algebra.
2. Let n=2k +1 be an odd integer and let Qn be the (n+1)-dimensional Lie algebra
dened in the basis (X0; X1; : : : ; Xn) by
[X0; Xi] = Xi+1; i = 1; : : : ; n− 1;
[Xi; Xn−i] = (−1)iXn; i = 1; : : : ; k:
This is a liform Lie algebra. In the basis (Z0; Z1; : : : ; Zn), where Z0 =X0 +X1; Zi=
Xi; i = 1; : : : ; n, this Lie algebra is dened by
[Z0; Zi] = Zi+1; i = 1; : : : ; n− 2;
[Zi; Zn−i] = (−1)iZn; i = 1; : : : ; k:
We note that any (n+ 1)-dimensional liform Lie algebra is isomorphic to a linear
deformation of Ln [13]:
Let  be the set of pairs of integers (k; r) such that 1 k  n − 1; 2k + 1<r n
(if n is odd we suppose that  contains also the pair ((n− 1)=2; n)). For any element
(k; r) 2 , we can associate the 2-cocycle for the Chevalley cohomology of Ln with
coecients in the adjoint module denoted 	k;r and dened by
	k;r(Xi; Xj) =−	k;r(Xj; Xi) = (−1)k−iCk−ij−k−1Xi+j+r−2k−1;
if 1 i k < j n and 	k;r(Xi; Xj) = 0, otherwise. We remark that these formulas for
	k;r result from the conditions
	k;r(Xk; Xk+1) = Xr; 	k;r 2 Z2(Ln; Ln):
Let Fm be the variety of liform Lie algebras laws in a m dimensional vectorial space.
Any (n+ 1)-dimensional liform Lie algebra law  2Fn+1 is isomorphic to 0 +	,
where 0 is the law of Ln and 	 is a 2-cocycle dened by
	 =
X
(k;r)2
ak;r	k;r
and verifying the relation 	 	 = 0 with
	 	(x; y; z) =	(	(x; y); z) +	(	(y; z); x) +	(	(z; x); y):
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A basis (X0; X1; : : : ; Xn) of an (n+1)-dimensional liform Lie algebra with law  is
called adapted, if
(Xi; Xj) = 0(Xi; Xj) +	(Xi; Xj); 0 i; j n:
Theorem 6 (Goze et al. [12]). Let g be a liform Lie algebra of dimension 2p + 1
given in the basis (X0; X1; : : : ; X2p) by the law
 = 0 +
X
(k;r)2
ak;r	k;r :
Then the Lie algebra g admits a contact form if and only if
Aj =
j−1X
s=0
(−1)sap−j+s;2p−2( j−s−1)Cs2j−s−2 6= 0; j = 1; 2; : : : ; p− 1:
Theorem 7 (Goze et al. [12]). Let g be a liform Lie algebra of dimension 2p + 1
given in the basis (X0; X1; : : : ; X2p) by the law
 = 0 +
X
(k;r)2
ak;r	k;r
and admitting a contact form = b00 + b11 +   + b2p 2p; where (0; 1; : : : ; 2p) is
the dual basis. Then (g; ) is contacto-isomorphic to (g; b2p 2p).
Remark 8. For some types of complex liform Lie algebras we can precise Theorem
7. For example, if g admits a semisimple derivation (see [10] for a description of
such liform Lie algebras) the contact Lie algebra (g; b2p 2p) is always isomorphic to
(g; 2p). In this case the contact structure on g is unique.
Let g be a characteristically nilpotent liform Lie algebra (that is a nilpotent Lie alge-
bra with only nilpotent derivations). In the general case contact Lie algebras (g; a 2p)
and (g; b 2p) with a; b 2 C are noncontacto-isomorphic excepted the cases when
’(a 2p) = b 2p for an automorphism ’ 2  , where   is a certain nite subgroup of
Aut g. The nite subgroup   can be determined for each low-dimensional liform Lie
algebra by direct computation.
3. Classication
Let g be a liform complex Lie algebra of dimension n = 2p given in the basis
(X0; X1; : : : ; Xn−1) by the law
 = 0 +
X
(k;r)2
ak;r	k;r :
For any element (k; r) of [f(0; n)g we can associate a skew-symmetric bilinear form
!k;r : Ln−1 ^ Ln−1 ! C dened by
!k;r(Xi; X2p+2k−i−r+1) = (−1)k−iCk−i2p+k−i−r ;
where 1 i k, if n  1 and by !0; n(X0; Xn−1) = 1 if not.
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The law  dene a skew-symmetric bilinear form
!0; n +
X
(k;r)2
ak;r!k;r :
We denote this form by !().
Theorem 9. Let n= 2p be an even integer with n 10. Every n-dimensional liform
symplectic Lie algebra is symplecto-isomorphic to one of the following list of sym-
plectic Lie algebras (the Lie algebras are given by their laws im). Two arbitrary
symplectic Lie algebras (im; 
i
m) and (
j
m; 
j
m) lying in the dierent families (that
is i 6= j) are not symplecto-isomorphic. Two symplectic Lie algebras of the same
family (im(
); 
i
m(^)) and (im(
0); im(^0)) with distinct values of parameters (that
is with (
;^) 6= (
0;^0)) are also nonisomorphic excepting the cases described in
Remark 12.
List of symplectic Lie algebras
Dimension 4.
14: 0;
14 = !0;4 + !1;4:
Dimension 6.
16: 0;
16 = !0;6 + !2;6:
26: 0 +	1;5;
26() = (!(
2
6) + !2;6);  2 C:
36: 0 +	1;4;
36() = !(
3
6) + !2;6;  6= 0; 1:
Dimension 8.
18: 0 +	1;4 + 	2;6 + 	2;7;  6= −2; 0; 25 ; 1;
18(; ) = !(
1
8) + !2;8 +
32
+2!3;8;  2 C
28: 0 +	1;4 + 	2;6;  6= −2; 0; 25 ; 1;
28 = !(
2
8) +
32
+2!3;8 or 
2
8() = (!(
2
8) + !2;8 +
32
+2!3;8);  2 C2:
38: 0 +	1;4 + 4	2;6 + 	2;7;  6= 0;
38(; ) = !(
3
8) + !1;8 + !2;8 + 8!3;8;  2 C;  2 C:
48: 0 +	1;4 + 4	2;6;
48(; ) = !(
4
8) + !1;8 + !2;8 + 8!3;8;  2 C2;  2 C or
48() = (!(
4
8) + !1;8 + 8!3;8);  2 C4:
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58: 0 +	1;5 +	2;6;
58(; ) = (!(
5
8) + !2;8 + 3!3;8);  2 C:
68: 0 +	2;6;
68() = (!(
6
8) + !2;8 + 3!3;8);  2 C2 or 68 = !(68) + 3!3;8:
78: 0 + 	1;5 +	1;6 +	2;7;  6= − 13 ; 1;
78(; ) = (!(
7
8) + !3;8);  2 C;  2 C:
88: 0 +	1;5 +	1;6 +	2;7;
88(; ; ) = (!(
8
8) + !2;8 + !3;8); ;  2 C;  2 C:
98: 0 +	1;5 +	2;7;
98(; ) = (!(
9
8) + !2;8 + !3;8);  2 C;  2 C:
108 : 0 +
−1
3 	1;5 +	1;6 +	2;7;
108 (; ; ) = (!(
9
8) + !2;8 + !3;8); ;  2 C;  2 C:
118 : 0 +
−1
3 	1;5 +	2;7;
118 (; ) = (!(
11
8 ) + !2;8 + !3;8);  2 C;  2 C:
128 : 0 +	1;5 + 	1;6;
128 () = (!(
12
8 ) + !3;8);  2 C:
138 : 0 +	1;6 + 	1;7;
138 () = (!(
13
8 ) + !3;8);  2 C if  6= 0 and  2 C2 if = 0:
148 : 0 +	1;7;
148 () = (!(
12
8 ) + !3;8);  2 C3:
158 : 0;
158 = !0;8 + !3;8:
Dimension 10.
Remark 10 (see Chu [3]). We can express a3;8; a3;9; a3;10 and a4;10 by the other pa-
rameters
a3;8 =
3a22;6
2a1;4 + a2;6
;
a3;9 =
a2;6(−9a1;5a2;6 + 14a1;4a2;7 − 2a2;6a2;7)
(2a1;4 + a2;6)2
;
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a3;10 =
Q
2(2a1;4 + a2;6)3(a21;4 − a22;6)
;
a4;10 =
3(4a1;4 − 7a2;6)a32;6
2(2a1;4 + a2;6)(a21;4 − a22;6)
;
where Q = 54 a1;42 a1;52 a2;62 − 48 a1;43 a1;6 a2;62 + 24 a1;42 a1;6 a2;63 − 54 a1;52 a2;64 −
12 a1;4 a1;6 a2;64− 18 a1;6 a2;65− 84 a1;43 a1;5 a2;6 a2;7 +66 a1;42 a1;5 a2;62 a2;7 +84 a1;4 a1;5
a2;63 a2;7 − 66 a1;5 a2;64 a2;7 + 32 a1;44 a2;72 − 52 a1;43 a2;6 a2;72 − 12 a1;42 a2;62 a2;72 +
52 a1;4 a2;63 a2;72+64 a1;44 a2;6 a2;8−20 a2;64 a2;72−8 a1;43 a2;62 a2;8−60 a1;42 a2;63 a2;8−
22 a1;4 a2;64 a2;8 − a2;65 a2;8.
We suppose here that the coecients a3;8; a3;9; a3;10 and a4;10 are expressed by the
other coecients using the formulas of Remark 10. We also suppose that A is the set
dened in Remark 11 below.
Remark 11. Let A be the set dened by
A= f−2;−1; 0; 1; 47g [ f 2 C: p1()p2()p3() = 0g;
where
p1() = 54 − 63 − 222 + 18− 4;
p2() = 53 − 82 + 16− 4;
p3() = 52 − 4+ 2:
Then, we have in dimension 10, the list.
110: 0 +	1;4 + 	2;6 +	2;7 + 	2;8 +
32
2+	3;8 +
(14−2)
(2+)2 	3;9  62 A;
110() = (!(
1
10) + a3;10!3;10 + a4;10!4;10);  2 C:
210: 0 +	1;4 +
8
5	2;6 +	2;7 + 	2;8 + 	2;9 +
32
15	3;8 +	3;9;  6= 0;
210() = (!(
2
10) + a3;10!3;10 + a4;10!4;10);  2 C:
310: 0 +	1;4 +	1;8;+4	2;6 + 	2;7 + 	2;8 + a3;8	3;8 + a3;9	3;9;
310() = (!(
3
10) + a3;10!3;10 + a4;10!4;10);  2 C if  6= 0;  2 C2 if
= 0;  6= 0;  2 C4 if =  = 0:
410: 0 +	1;4 + 	2;6 +	2;8 + 	2;9 + a3;8	3;8 + a3;9	3;9;  62 A;
410() = (!(
4
10) + a3;10!3;10 + a4;10!4;10);  2 C2:
510: 0 +	1;4 + 	2;6 +	2;9 + a3;8	3;8 + a3;9	3;9;  62 A;
510() = (!(
5
10) + a3;10!3;10 + a4;10!4;10);  2 C3:
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610: 0 +	1;4 + 	2;6 + a3;8	3;8;  62 A;
610 = !(
6
10) + a4;10!4;10:
710: 0 +	1;5 + 	2;6 +	2;8 + 3	3;8;  6= 2116 ; 72 ;
710(; ) = (!(
7
10) + !2;10 +
21
2 !4;10);  2 C:
810: 0 +	1;5 +
7
4	2;6 +	2;8 +
21
4 	3;8;
810(; ; ) = (!(
8
10) + !1;10 + !2;10 +
21
2 !4;10);  2 C:
910: 0 +	1;5 +
7
4	2;6;
910(; ) = (!(
9
10) + !1;10 + !2;10 +
21
2 !4;10);  2 C:
1010: 0 +	1;5 +	2;6 + 3	3;8;
1010(; ) = (!(
10
10) + !2;10 +
21
2 !4;10);  2 C:
1110: 0 +	1;5;
1110() = (!(
11
10) + j!2;10 +
21
2 !4;10) where j = 0 or j = 1;  2 C:
1210: 0 +	2;6 +	2;8 + 	2;9 + 3	3;8;
1210(; ) = (!(
12
10)+!2;10+
1
2!3;10+
21
2 !4;10); 2C if  6= 0; 2C2
if = 0:
1310: 0 +	2;6 +	2;9 + 3	3;8;
1310(; ) = !(
13
10) + !2;10 +
21
2 !4;10; ;  2 C or
(1310() = (!(
13
10) +
21
2 !4;10);  2 C:
1410: 0 +	2;6 + 3	3;8;
1410 = !(
14
10) +
21
2 !4;10:
1510: 0 +	1;5 + 	1;6 + 	2;7 + (−42 + 3+ 3)	2;8 + 	2;9 + 	3;9;
1510() = (!(
15
10) + !4;10);  2 C:
1610: 0+	1;5+	1;6+	1;7+3	2;7+12(− 1)	2;8+	2;9+	3;9;  6= 0;
1610() = (!(
16
10) + !4;10);  2 C:
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1710: 0 +	1;5+	1;6+	1;9+	2;7 + 2(
2+3)	2;8+	2;9+2	3;9;  6= 0;
1710() = (!(
17
10) + !4;10);  2 C:
1810: 0+	1;5+	1;6+	1;7+	1;9 + 3	2;7+36	2;8+	2;9+6	3;9; ;  6= 0;
1810() = (!(
18
10) + !4;10);  2 C:
1910: 0 +	1;5 + 	1;6 + (3− 2)	2;8 + 	2;9 + 	3;9;
1910(; ) = (!(
19
10) + !3;10 + !4;10);  2 C;  2 C:
2010: 0 +	1;5 + 	1;6 + 	1;8 +
2
3 	3;9;  6= 0;
2010(; ; ) = (!(
20
10) + !2;10 + !3;10 + !4;10);  2 C; ;  2 C:
2110: 0 +	1;6 + 	1;9 + 	2;7 + (−2− 42 + 3)	2;8 + 	3;9;  6= 0;
2110(; ) = !(
21
10) + !3;10 + !4;10;  2 C;  2 C:
2210: 0 +	1;6 + 	1;9 + 	2;7 + (−2− 42 + 3)	2;8 + 	2;9 + 6	3;9;  6= 0;
2210(; ) = !(
22
10) + !3;10 + !4;10;  2 C;  2 C:
2310: 0 +	1;6 + 	1;7 − 2	2;8 + 	2;9 + 	3;9;  6= 0;1;
2310() = (!(
23
10) + !4;10);  2 C:
2410: 0 +	1;6 + 	1;7 − 2	2;8 + 	2;9;
2410(; ) = !(
24
10) + !3;10 + !4;10;  2 C;  2 C2 if =  = 0 and
 2 C if not:
2510: 0 +	1;6 + 	1;7 − 2	2;8 + 	2;9 + j	3;9 where j = 1 or j =−1;
2510(; ) = !(
25
10) + !3;10 + !4;10;  2 C;  2 C:
2610: 0 +	1;7 + 	1;8 +	3;9;  6= 0;
2610() = (!(
26
10) + !4;10);  2 C:
2710: 0 +	1;7 + 	1;8 + 	1;9 + 	2;9;
2710() = (!(
27
10) + !4;10);  2 C3 if =  = 0 and  2 C if not:
2810: 0 +	1;8 + 	3;9;  6= 0;
2810() = (!(
28
10) + !4;10);  2 C:
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2910: 0 +	1;8 + 	1;9 + 	2;9;
2910() = (!(
29
10) + !4;10);  2 C4 if =  = 0 and  2 C if not:
3010: 0 +	1;9;
3010() = (!(
30
10) + !4;10);  2 C5:
3110: 0 +	2;7 + (−4 + 3)	2;8 + 	2;9 + 	3;9;
3110(; ) = !(
31
10) + !3;10 + !4;10;  2 C;  2 C:
3210: 0 + 	1;9 +	2;7 + 2	2;8 + 	2;9 + 2	3;9;  6= 0;
3210(; ) = !(
32
10) + !3;10 + !4;10;  2 C;  2 C:
3310: 0 +	3;9;
3310() = (!(
48
10) + !4;10);  2 C:
3410: 0 + 	1;9 +	2;9;
3410() = (!(
34
10) + !4;10);  2 C if  6= 0 and  2 C3 if = 0:
3510: 0;
3510 = !0;10 + !4;10:
3610: 0 +	1;5 +
1
2	1;6 −	2;7 +	3;8 + 	3;9;
3610(; ) = !(
52
10) + !3;10 + 6!4;10;  2 C:
3710: 0 +	1;7 +	3;8 + 	3;9;
3710() = (!(
53
10) + 6!4;10);  2 C if  6= 0 and  2 C3 if = 0:
3810: 0 +	3;8 +	3;9;
3810() = (!(
54
10) + 6!4;10);  2 C:
3910: 0 +	3;8;
3910 = !(
39
10) + 6!4;10:
Remark 12. Let (g; ) and (g0; 0) be two symplectic Lie algebras of the same family
in the list of Theorem 9 and having the following forms:
g : = 0 +	k;s +	q;t +
X
(i; j)20
ai; j	i; j;
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= 
 
!() +
p−1X
i=1
ci;n !i;n
!
and
g0 : 0 = 0 +	k;s +	q;t +
X
(i; j)20
bi; j	i; j;
0 = 0
 
!(0) +
p−1X
i=1
di;n !i;n
!
:
For each pair (i; j) of 0 we put r(i; j) = j− 2i− 1 and l= jr(q; t)− r(k; s)j. Then the
symplectic Lie algebras (g; ) and (g0; 0) are symplecto-isomorphic if and only if
bi; j = ai; jjr(i; j); di;n = ci;njr(i;m); = jn+10
for a number j 2 C with jl = 1.
The proof of the classication theorem is based on Proposition 13. This proposition
is an easy consequence of the results given in [6,12].
Proposition 13. Let m=2p+1 be an odd integer  11. Every liform m-dimensional
contact Lie algebra is contacto-isomorphic to one of the contact Lie algebras of
the following list. Two contact Lie algebras of dierent families in this list are non
contacto-isomorphic. Two contact Lie algebras of the same family with dierent
values of parameters are also non contacto-isomorphic excepting the cases described
in Remark 14.
List of contact Lie algebras
In this list we use the following notation:
Cn =

rei’: 0’< 2
n
; r > 0

; n= 2; 3; 4; 5:
Dimension 3.
13: 0;  = 2:
Dimension 5.
25: 0 +	1;4;  = 4:
Dimension 7.
77: 0 +	1;5 +	2;6;  = 6;  2 C:
87: 0 + 	1;4 +	2;6;  6= 1;  = 6:
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Dimension 9.
19: 0+	1;4+	2;6+	2;7+	2;8+
32
+2	3;8;  6= −2; 0; 25 ; 1;  = 8; 2C:
29: 0 +	1;4 + 	2;6 +	2;8 +
32
+2	3;8;  6= −2; 0; 25 ; 1;  = 8;  2 C2:
39: 0 +	1;4 + 	2;6 +
32
+2	3;8;  6= −2; 0; 25 ; 1;  = 8:
49: 0 +	1;4 +	1;8 + 4	2;6 + 	2;7 + 	2;8 + 8	3;8;  = 8 where  2 C
if  6= 0;  2 C2 if = 0;  6= 0 and  2 C4 if =  = 0:
59: 0 +	1;4 + 	1;8 + 4	2;6 +	2;8 + 8	3;8;  = 8;  2 C2:
69: 0 +	1;4 +	1;8 + 4	2;6 + 8	3;8;  = 8;  2 C4:
79: 0 +	1;5 +	2;6 + 	2;8 + 3	3;8;  = 8;  2 C:
89: 0 +	2;6 +	2;8 + 3	3;8;  = 8;  2 C2:
99: 0 +	2;6 + 3	3;8;  = 8:
109 : 0 + 	1;5 + 	1;6 +	2;7 +	3;8;  6= 1;− 13 ;  = 8;  2 C:
119 : 0 +	1;5 + 	1;6 +	2;7 + 	2;8 +	3;8;  = 8;  2 C:
129 : 0 +
−1
3 	1;5 + 	1;6 +	2;7 + 	2;8 +	3;8;  = 8;  2 C:
139 : 0 +	1;5 + 	1;6 +	3;8;  = 8;  2 C:
149 : 0 +	1;6 + 	1;7 +	3;8;  = 8;  2 C if  6= 0 and  2 C2 if = 0:
159 : 0 +	1;7 +	3;8;  = 8;  2 C:
169 : 0 +	3;8:
Dimension 11.
We suppose here that the coecients a3;8; a3;9; a3;10 and a4;10 in the laws i11, with
1 i 8, are expressed by the other coecients using the formulas of Remark 10. We
also suppose, for the law 211; 
6
11; 
7
11 and 
8
11 that A is the set dened in Remark 11.
111: 0 +	1;4 +
8
5	2;6 +	2;7 + 	2;8 + 	2;9 + a3;8	3;8 + a3;9	3;9 + a3;10	3;10
+a4;10	4;10;  6= 0;  = 10;  2 C:
(111)
0: 0 +	1;4 + 	2;6 +	2;7 + 	2;8 + a3;8	3;8 + a3;9	3;9 + a3;10	3;10
+a4;10	4;10;  62 A;  = 10;  2 C:
211: 0 +	1;4 +	1;8 + 4	2;6 + 	2;7 + 	2;8 + a3;8	3;8 + a3;9	3;9 + a3;10	3;10
+a4;10	4;10;  = 10 where  2 C if  6= 0;  2 C2 if = 0;  6= 0
and  2 C4 if =  = 0:
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511: 0 +	1;4 + 	2;6 +	2;8 + 	2;9 + a3;8	3;8 + a3;9	3;9 + a3;10	3;10
+a4;10	4;10;  62 A;  = 10;  2 C2:
611: 0 +	1;4 + 	2;6 +	2;9 + a3;8	3;8 + a3;9	3;9 + a3;10	3;10
+a4;10	4;10;  62 A;  = 10;  2 C3:
711: 0 +	1;4 + 	2;6 + a3;8	3;8 + a4;10	4;10;  62 A;  = 10:
1811: 0 +	1;5 + 	2;6 +	2;8 + 	2;10 + 3	3;8 +
21
2 	4;10;
 6= 2116 ; 72 ;  = 10;  2 C:
1911: 0 +	1;5 +	1;10 +
7
4	2;6 + 	2;8 + 	2;10
+214 	3;8 +
21
2 	4;10;  = 10;  2 C:
2011: 0+	1;5+	2;6+	2;10+3	3;8 +
21
2 	4;10;  6= 2116 ; 72 ;  = 10; 2C:
2111: 0 +	1;5 + 	2;6 + 3	3;8 +
21
2 	4;10;  6= 2116 ; 72 ;  = 10;  2 C:
2211: 0 +	2;6 +	2;8 + 	2;9 + 	2;10 + 3	3;8 +
1
2	3;10 +
21
2 	4;10;  = 10
where  2 C if  6= 0 and  2 C2 if = 0:
2311: 0 +	2;6 +	2;9 + 	2;10 + 3	3;8 +
21
2 	4;10;  = 10;
where  2 C if  6= 0 and  2 C3 if = 0:
2411: 0 +	2;6 + 3	3;8 +
21
2 	4;10;  = 10:
2511: 0 +	1;5 + 	1;6 + 	2;7 + (−42 + 3+ 3)	2;8 + 	2;9 + 	3;9
+	4;10;  = 10;  2 C:
2611: 0 +	1;5 + 	1;6 + 	1;7 + 3	2;7 + 12(− 1)	2;8 + 	2;9 + 	3;9
+	4;10;  6= 0;  = 10;  2 C:
2711: 0 +	1;5 + 	1;6 + 	1;9 + 	2;7 + 2(
2 + 3)	2;8 + 	2;9 + 2	3;9
+	4;10;  6= 0;  = 10;  2 C:
2811: 0 +	1;5 + 	1;6 + 	1;7 + 	1;9 + 3	2;7 + 36	2;8 + 	2;9 + 6	3;9
+	4;10; ;  6= 0;  = 10;  2 C:
2911: 0 +	1;5 + 	1;6 + (3− 2)	2;8 + 	2;9 + 	3;9 + 	3;10
+	4;10;  = 10;  2 C:
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3011: 0 +	1;5 + 	1;6 + 	1;8 + 	2;10 +
2
3 	3;9 + 	3;10
+	4;10;  6= 0;  = 10;  2 C:
3111: 0 +	1;6 + 	1;9 + 	2;7 + (−2− 42 + 3)	2;8 + 	3;9 + 	3;10
+	4;10;  6= 0;  = 10;  2 C:
3211: 0 +	1;6 + 	1;9 + 	2;7 + (−2− 42 + 3)	2;8 + 	2;9 + 6	3;9
+	3;10 +	4;10;  6= 0;  = 10;  2 C:
3311: 0 +	1;6 + 	1;7 − 2	2;8 + 	2;9 + 	3;9 +	4;10;
 6= 0;1  = 10;  2 C:
3411: 0 +	1;6 + 	1;7 − 2	2;8 + 	2;9 + 	3;10 +	4;10;
;  6= 0;  = 10;  2 C:
3511: 0 +	1;6 + 	1;7 − 2	2;8 + 	2;9 + 	3;9 + 	3;10 +	4;10;
 1;  = 10;  2 C:
3611: 0 +	1;6 + 	1;7 − 2	2;8 + 	2;9 +	4;10;  6= 0;  = 10;  2 C:
3711: 0 +	1;6 + 	1;7 +−2	2;8 +	4;10;  6= 0;  = 10 where  2 C
if  6= 0 and  2 C3 if = 0:
3811: 0 +	1;7 + 	1;8 + +	3;9 +	4;10;  6= 0;  = 10;  2 C:
3911: 0 +	1;7 + 	1;8 + 	1;9 + 	2;9 +	4;10;  = 10 where  2 C
if  6= 0 or  6= 0 and  2 C3 if =  = 0:
4011: 0 +	1;8 + 	3;9 +	4;10;  6= 0;  = 10;  2 C:
4111: 0 +	1;8 + 	1;9 + 	2;9 +	4;10;  = 10 where  2 C if  6= 0
or  6= 0 and  2 C4 if =  = 0:
4211: 0 +	1;9 +	4;10;  = 10;  2 C5:
4311: 0+	2;7+(−4 + 3)	2;8+	2;9+	3;9+	3;10+	4;10;  = 10; 2C:
4411: 0 + 	1;9 +	2;7 + 2	2;8 + 	2;9 + 2	3;9 + 	3;10
+	4;10;  6= 0;  = 10;  2 C:
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4511: 0 +	3;9 +	4;10  = 10;  2 C:
4611: 0 + 	1;9 +	2;9 +	4;10;  = 10 where  2 C if  6= 0
and  2 C3 if = 0:
4711: 0 +	4;10;  = 10:
10711 : 0+	1;5− 12	1;6−	2;7+	3;8+	3;9+	3;10+6	4;10;  = 10; 2C:
10811 : 0 +	1;7 +	3;8 + 	3;9 + 6	4;10;  = 10 where  2 C if  6= 0
and  2 C3 if = 0:
10911 : 0	3;8 +	3;9 + 6	4;10;  = 10;  2 C:
11011 : 0 +	3;8 + 6	4;10;  = 10:
Remark 14. Let
(; ) : = 0 +	k;s +	m;t +
X
(i; j)
ai; j	i; j;  = n
and
(0; 0) :0 = 0 +	k;s +	m;t +
X
(i; j)
bi; j	i; j;  = 0n
be two contact Lie algebras of the same family in the List of contact Lie algebras with
(i; j) 6= (k; s); (m; t). For a pair (i; j) we denote r(i; j)=j−2i−1. Let jr(m; t)−r(k; s)j=q.
The laws  and 0 are isomorphic if and only if
bi; j = ai; jr(i; j) and 0 = −n−1 where q = 1:
To prove Theorem 9 and obtain the classication we apply the following scheme:
1. Consider one family g(
) of contact Lie algebras described in the Proposition 13
and we construct the Lie algebra ~g( ~
) by using the results of Section 1.
2. The family ~g( ~
) of Lie algebras is symplectic. For some values of parameters ~
0
and ~
1 we can have ~g( ~
0) = ~g( ~
1). In this case we apply on g(
) the changes of
basis described in [6] to change the parametrization in g(
) in such a way that for
the obtained parametrization 
0 of g we h ave the family ~g( ~

0
) of nonisomorphic
symplectic Lie algebras.
3. We describe all naturally symplelctic structures on ~g( ~

0
) by using the parameters
of ~g( ~
) which are losing in the map .
To illustrate this scheme we consider one simple example.
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Example.
1. Consider the family g() of seven-dimensional contact Lie algebras given by their
laws 87 : 0 +	1;4 +	2;6;  6= 1. The family g( ~) is given by the laws (): 0 +
	1;4;  6= 1. However, all these laws are isomorphic to the law 26 : 0 + 	1;4 if
 6= 0. Thus we obtain two symplectic Lie algebras in dimension six. The law 0
(for = 0) and the law 26 (for  6= 0).
2. Let  6= 0; 1. We apply an elementary change of basis (a; b) described in [6] and
we change the parametrization. Thus the family g() can be given with another
parametrization (): 0 +	1;4 + 	2;6.
3. The \losing" expression 	2;6 of the law () gives the family 36() = !(0 +
	1;4) + !2;6;  6= 0; 1 of pairwise non symplecto-isomorphic symplectic structures
on the Lie algebra 0 +	1;4. For the symplectic Lie algebra 0 corresponding for
the value zero of the parameter  we have only one (up to symplecto-isomorphism)
symplectic structure 16 = !0;6 + !2;6.
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